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ABS'I'l:ACT - Regression estimates of genetic effects utiliz.ing several specific 
population means from different generationso Keith H. Thompson, 
Cornell Universityo 
A genetic experiment is conducted in which individuals are randomly selected 
from several populations and measured w~th respect to a quantitative character-
istic, ~vo inbred diploid parents, P1 and P2, were used to generate the follow-
ing populations: P1, P2, F1, B1, B2, F2, B~1, B12, B21, B22, B1selfed and 
B2selfed. These populations differ in their expected genotypic distribution in 
.P.Tedictable proportions, assuming that P1 a."'Kl P2 differ ct an arbitrary nu:;:n.""i:Jer 
of loci with respect to the quantitative char5cteristic measured. 
Each genotype has associated with it an E-Verage phenotype or genotypic value 
which may be expressed in terms of certain defined genetic effects, For an 
arbitrary number of loci, say n, there are 3n possible genetic effects which 
may be represented as independent linear functions of the 3n genotypic values. 
The populations are composed of different proportions of these genotypes ~~d 
thus have a predictable constitution in terms of mean genetic effectso 
H'ithin each population, however, similar genetic effects of like order have 
equal coefficients; hence it is necessary to estimate sums of like genetic 
effects instead of the effects themselves~ For the twelve populations in this 
experiment) ten genetic effects are estimated. The multiple regression equation 
may be written as 
P' = XF' 
where P=(~1,P2,F1,B1,B2,F2,B11,B12 ,B21,B22,B1s,B2s), F=(~ 1 h1 dd1 hh,ddh,bhh1 d1 dh, 
1\ 
ddd,dbh), and X is a 12xl0 matrix with rational coefficients. The solution F 
is now obtained by the method of least squa1·es as 
F1 = (x •x )-lx sps 
and exhibitedc 
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An experiment is conducted in which randomly selected individuals from 
each of several genetic populations are measured with respect to a quantitative 
characteristic. In the particular e}~eriment discussed here, two inbred diploid 
Pai~ents, P1 and P2, were used to generate the following populations: P1, P2 , 
Fl' B1, B2 , F2, B11, B12, B21, B22, B1 selfed, and B2 selfed. It will be shmrn 
for these populations that a fe\·T limiting assumptions regarding the genetic 
model permit the estimation of certain defined genetic mean components. 
Denoting the jth allele at the ith locus in both the maternal and paternal 
gametes as A~ , \-Te may symbolically write the general genotype of a diploid 
Ji 
individual heterozygous at n loci as 
n .. 
7TAJ. AJ. j 
i=l ji ki 
In the simplest case where P1 and P2 differ by two alleles of a single factor; 
1 1 1 1 i.e., P1 has genotype A1 A1 and P2 has genotype A2A2, the following genetic 
effects are defined: 
1 
1-1 = 
dl = A~~ - ~l = additive effect, and 
These effects may be e~ressed in matrix notation in terms of genotypes or their 
corresponding genotypic values as 
E* = AG' 1 1 
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1 1 1 
where E1 represents the vector of effects {j..L ,d ,h ) 1 G1 represents the vector·' 
1 1 1 1 1 1 
of genotypes (A1A1 ,A1A2 ,A2A2 ), a.."ld A is a. real-valued, non-singular 1 .3x3 matrix 
satisfying the above definitions. Thus, 
and 
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These definitions of effects for a single factor may now be used to extend 
the definitions to cover the case where P1 and P2 differ at an arbitrary number 
of loci. A symbolic multiplication notation {Robson, 196o) is useful in this 
respect to represent each of the higher order genetic effects as a symbolic 
product of single factor effectso· It is also useful, as implied earlier, in 
representing a genotype of n factors as a ~oduct of single facto~ genotypes. 
If the symbol "·::-" denotes Kronecker multiplication and "o" denotes symbolic 
multiplication, we· define the vector of genetic effects for t\vo loci as 
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 
= (j..L oj..L ,j..L od 1 j..L oh 1 d 01.1 Dd od ,d oh 1h 01.1 ,h od ,h oh ) 
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Similarly, the vector of genotypes for two loci may be obtained as 
' .. ~~.. ·i • ; :-·' "1 
• 
The definitions of the 32 genetic effects in terms of the 32 genotypic 
values in the case where P1 and P2 differ at two loci may now be written as 
n For an arbitrary number of loci, say n, the 3 possible genetic effects may 
n be defined as independant linear functions of the 3 genotypic values and written 
where E(n)=E1*•••*En' A(n)=A*··~·A, and G(n)=G1*•re*Gn• Since A(n) is non-
singular, any genotype may be expressed uniquely as a linear function of genetic 
effects since 
-1 ( )-1 -1 -1 where A(nt A~ o -*A =A * .. -M-A • 
The different populations generated by crossing the two inbred diploid 
parents, P1 and P , differ in their genotypic distributions in predictable 
2 
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proportions, and using the relation Gi=A-~i, they also differ in the constitu~ 
tion of their mean genetic effectso In the simplest case again, where P1 and P2 
differ at a single locus with respect to the quantitative variable measured, the 
different populations are genotypically constituted as 
AlAl 
1 1 ~~ A~~ 
pl = P1 selfed 1 0 0 
p2 = P2 selfed 0 0 1 
Fl = pl X p2 0 1 0 
Bl = Fl X pl 
1 1 0 2 2 
B2 = Fl X p2 ·0 
1 1 
2 2 
F2 = F1 selfed 
1 1 1 
4 2 4 
Bll = Bl x pl 3 1 0 4 4 
Bl2 = Bl x p2 0 3 1' 4 4 
B21 = B2 x pl 1 3 0 4 4 
B22 = B2 x p2 0 1 t 4 
B1 selfed 5 
1 1 
i3 4 TI 
B2 selfed 
1 1 5 
'S 4 'S 
and genetically constituted as 
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1 dl h1 J.L 
i\ 1 - l ,0 
p2 1 l 0 
F l 1 0 l 
B1 1 
1 l 
-2 2 
:82 1 
1 1 
2 2 
:F2 1 0 
1 
2 
B11 1 
3 1 
-~ ~ 
. r.:' 
1 ~ 1312 l ~ 
B21 1 
1 3 
-4 4 
B22 1 
3 1 
~ 4 
:B1 selfed l 1 1 -- 4 2 
:82 selfed 1 1 1 2 1+ 
For any particular population in any generation we may now represent its 
genotypic distribution and mean genetic effect constitution in matrix notation; 
for example 1 
and 
respectively, where Bp1=(1,01 0) and cp1=(1,-l,O). 
The genotypic distributions and mean genetic effect constitutions are 
easily extended. as before to the case where P1 and P2 differ at n unlinked loci 
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by using a symbolic. multiplication notation in conjunction with Kronecker pro-
ducts; for example, 
and 
vthere ~l(n)=Bp1*" .. *Bp1 and cP1 (ntcp1*"·~cp1 • All of the _populations may be 
similarly represented. Now, if we let P=(P1,P2,F1,B1,B2,F2,~11,B12 ,B2 ~22, 
B1 selfed,B2 selfed), we can write the mean genetic effect constitution of the 
populations collect·ively as 
P' = c(n)Etn) 
where C(n) is a 12x3n matrix whose rows are CP1 (n)'o•o,CB2s(n) in that order. 
In the above set of non-independent equations, similar genetic effects of 
like order have equal coefficients within each population; hence it is necessary 
for estimation purposes to designate them by a sum notation. For example, 
n 
d = .. .E di ' ·.:· ·, 
i=l 
n 
h = .E h. 
. 1 l. l.= 
dd = .E dd .. 
i< j l.J 
dh = .E dh .. i~j l.J 
hh = .E hh .. i < j l.J 
ddd = . .E dddi'k 
i< j<k J 
• 
• 
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I1 we do this, E(n) is effectively reduced from a vector of ;n components 
to one \tith (n+l)(n+2)/2 componentso In the genetic problem where the number of. 
factors affecting the quantitative character is ur~nown, it is necessary to 
assume n such that (n+l)(n+2)/2 is less than or equal to the number of inde-
pendent populations available for estimation. 
In the experiment under discussion twelve populations are available, and it 
is desired to estimate the sums of like genetic effects assuming that n=3· 
Obtaining E(;) as the Kronecker product of E1, E2, and E3, we get 
ddhl23'_dhl?,dhdl23'dhhl23'hl,hdl3'hhl3'hd.l2'hddl23'hdhl23' 
hhl2'hhd123'hbhl2;> • 
He nmv define F3, the redu~ed V~?~t_or of.summed components, as 
The order is chosen arbitrarily so that all components with an even number 
of d are grouped as the first six elements and those with an odd number of d are 
grouped as the last four elements~ This arrangement is used· for convenience in 
solving the resulting multiple regression equation, written as 
pt = XF 1 
3 
where X is a 12xl0 matrix with rational coefficients obtained easily from C(;)o 
The set of equations is 
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I' '>\ 
'\ , ... 
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"'t The solution r 3 is now obtained by the method of least squares as 
F3 = (X 1X )""lx 'P' 
· rhe~ {X •x) is non-singular. The solution is numerically pr-esented in the follow-
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Thus, tbe least squares estimates of the genetic effects are represented as 
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